Markov Chain Problems

1. There are two types of beers in the market: Beer A and Beer B. If a customer consumes Beer A there is an 80% probability he will buy beer A in his next purchase (and 20% chance of switching to Beer B). A customer who consumes Beer B is consuming Beer B next time 90% of the time.

a. A customer consumes Beer A. What is the probability that his beer after the next one is Beer A?
b. What percentage of the population consumes Beer A?

 c. What percentage of the population consumes Beer B?

2. You play the following game. You start with $3. You gamble $1 and there is a p% (for example 45%) that you win and your total increases by $1. Otherwise, you lose and your total is reduced by $1. You quit the game either when you reach $0 (you lose) or you reach $6 (you win). You keep gambling until you quit.
a. what is the probability you win?

b. What is the probability you lose?

c. Create a table for probability of winning of when p is 40%, 41%,…, 50%.

3. There are 3 slots in a parking lot. For a given time unit: The probability that a car arrives to park is 20% (if the parking lot is full, the car drives away and does not come back). Each car in the parking lot leaves with probability of 10%. For simplicity assume that in a time unit either one car arrives, or one car leaves, or there is no change. That means that you cannot have two cars arriving or leaving or one car arrive and another one leave.
a. What is the probability that the parking lot is full?

b. What is the probability that the parking lot is empty?

c. What is the expected number of cars in the parking lot?

4. In a production process the machine can be in one of three states: Perfect (the profit on the product is $12), Good (the profit on the product is $10), or bad (in which case you stop production, fix the machine for a cost of $50, including lost profit because the machine stopped). If a machine is perfect, there is a 10% chance it turns to “good” and 5% chance it turns bad. If the machine is in a good condition it cannot become perfect and there is a 20% chance it turns bad.

a. What proportion of the time the machine is in perfect condition, good conditions, or bad condition.

b. What is your expected profit per item?

c. Your engineer suggests that if the machine is in only “good” condition you can upgrade it to perfect condition at a cost of $20. Should you do it?

d. What is the maximum you are willing to pay to upgrade a machine in good condition to perfect?
5. When the stock market goes up, the probability it goes up the next day is 55%, the probability it stays about the same is 5% and in the remainder 40% it goes down. If it goes down, there is a 50% chance it goes down next day and 10% it is about unchanged. If it is unchanged there is a 50% chance it goes up the next day and 50% chance it goes down.

a. What percentage of the days does the market go up?

b. What percentage of the days does the market go down?

c. You invest $100,000 in the market. On an up day you expect to make $1,000 and on a down day you expect to lose $1,000. On an unchanged day you do not win nor lose. What is the expected profit per day?
d. You trade 250 days per year. What is your expected annual profit? (Do not consider compounding.)

e. What is the annual rate of return?

6. Coca Cola and Pepsi Cola dominate the soft drinks market of $50 Billion dollars annual sales. The loyalty rate for Coke is 74% and the loyalty rate for Pepsi is 72%.

a. What are the expected annual sales for Coke? Pepsi?

b. A competitor (Virgin) attempts to enter the market. Assume a modest 1% shift to the new competitor from each category. That means, for example, that coke drinkers will select Coke the next time 73% of the time, Pepsi 25% of the time (down from 26%) and 2% will switch to Virgin. Assume that the loyalty rate of Virgin drinkers is a modest 20% and the remaining Virgin customers are evenly divided between Coke and Pepsi. What are the expected annual sales of Virgin?

c. Create a table for the expected annual sales of Virgin for a loyalty rate of 5%, 10%, 15%,…, 95% for Virgin.
d. What should be the loyalty rate for Virgin to yield annual sales of $1 billion? $2 billion? $40 billion? 
